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10Abstract In order to collaborate effectively in group discourse on a topic like mathematical
11patterns, group participants must organize their activities in ways that share the significance
12of their utterances, inscriptions, and behaviors. Here, we report the results of a micro-
13ethnographic case study of collaborative math problem-solving activities mediated by a
14synchronous multimodal online environment. We investigate the moment-by-moment
15details of the interaction practices through which participants organize their chat utterances
16and whiteboard actions as a coherent whole. This approach to analysis foregrounds the
17sequentiality of action and the implicit referencing of meaning making—fundamental
18features of interaction. In particular, we observe that the sequential construction of shared
19drawings and the deictic references that link chat messages to features of those drawings
20and to prior chat content are instrumental in the achievement of intersubjectivity among
21group members’ understandings. We characterize this precondition of collaboration as the
22co-construction of an indexical field that functions as a common ground for group
23cognition. Our analysis reveals methods by which the group co-constructs meaningful
24inscriptions in the dual-interaction spaces of its CSCL environment. The integration of
25graphical, narrative, and symbolic semiotic modalities in this manner also facilitates joint
26problem solving. It allows group members to invoke and operate with multiple realizations
27of their mathematical artifacts, a characteristic of deep learning of mathematics.
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31Computer-supported collaborative learning is centrally concerned with the joint organiza-
32tion of interaction by small groups of students in online environments. The term
33“collaborative learning” is a gloss for interaction that is organized for the joint achievement
34of knowledge-building tasks such as problem solving in domains like school mathematics.
35Rather than using the term “collaborative learning,” which carries vague and contradictory
36connotations, we coined the term “group cognition” to refer to activities where several
37students organize their joint interaction to achieve such collective cognitive accomplish-
38ments as planning, deducing, designing, describing, problem solving, explaining, defining,
39generalizing, representing, remembering, and reflecting as a group.
40We have argued in Group Cognition (Stahl 2006) that CSCL interactions should be
41analyzed at the group level of description, not just at the individual or the community
42levels, as is done in other theoretical approaches influential in CSCL research. During the
43past six years, we have conducted the Virtual Math Teams (VMT) Project to explore group
44cognition in a prototypical CSCL setting and to analyze it at the group level. We have used
45our analyses of interaction to drive the design of the technology.
46In this paper, we present a case study of an 18-minute-long excerpt from the VMT
47Project. We look at some ways in which the students organized their joint efforts. Our
48observations here are consistent with our impressions from more than a hundred student-
49hours of interaction in the VMT data corpus. Many of the broader theoretical and
50practical issues surrounding the analysis here are addressed by CSCL researchers in a
51new edited volume on Studying Virtual Math Teams (Stahl 2009b) in the Springer CSCL
52book series.
53The issue that we address in the following pages is: How do the students in our case
54study organize their activity so they can define and accomplish their tasks as a group within
55their online environment? This is necessarily a pivotal question for a science of CSCL
56(Stahl 2009a). It involves issues of meaning making, shared understanding and common
57ground that have long been controversial in CSCL.
58The problem of coordination is particularly salient in the VMT software environment,
59which is an instance of a dual-interaction space (Dillenbourg 2005; Mühlpfordt and Stahl
602007), requiring organization across multiple media, each with their own affordances. We
61have found that the key to joint coordination of knowledge building is sequential
62organization of a network of indexical and semantic references within the group discourse
63(Stahl 2007). We therefore analyze sequential interaction at the group level of description,
64using ethnomethodologically inspired chat interaction analysis rather than quantitative
65coding, in order to maintain and study this sequential organization. Thereby, we arrive at a
66view of mathematical knowledge building as the coordination of visual, narrative, and
67symbolic inscriptions as multiple realizations of co-constructed mathematical objects.
68While we have elsewhere presented theoretical motivations for focusing on group
69discourse organization as fundamental for CSCL, in this paper we foreground our analysis
70of empirical data from a VMT session. We derive a number of characteristics of the joint
71organization of interaction from the details of the case study. The characteristics we
72describe are to some extent specific to the technological affordances of the VMT
73environment, to the pedagogical framing of the chat session, and even to the unique
74trajectory of this particular group interaction. Nevertheless, the characteristics are indicative
75of what takes place—with variations—in similar settings. After the analytic centerpiece of
76the paper, we discuss methodological implications for CSCL analysis, including what it
77means to take the group as the unit of analysis. We then contrast our approach to leading
78alternative approaches in CSCL. This discussion focuses particularly on multimodal
79interaction in a dual-interaction space and on related conceptions of common ground,
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80concluding with summary remarks on sequential analysis. The paper proceeds through the
81following topics:

82& The problem of group organization in CSCL
83& A case study of a virtual math team
84& Implications for CSCL chat interaction analysis
85& The group as the unit of analysis
86& Other approaches in CSCL to analyzing multimodal interaction
87& Grounding through interactional organization
88& Sequential analysis of the joint organization of interaction

89The problem of group organization in CSCL

90A central issue in the theory of collaborative learning is how students can solve problems, build
91knowledge, accomplish educational tasks, and achieve other cognitive accomplishments
92together. How do they share ideas and talk about the same things? How do they know that
93they are talking about, thinking about, understanding, and working on things in the same
94way? Within CSCL, this has been referred to as the problem of the “attempt to construct and
95maintain a shared conception of a problem” (Roschelle and Teasley 1995), “building common
96ground” (Baker et al. 1999; Clark and Brennan 1991) or “the practices of meaning making”
97(Koschmann 2002). We have been interested in this issue for some time. Group Cognition
98(Stahl 2006) documents a decade of background to the VMT research reported here: Its
99Chapter 10 (written in 2001) argued the need for a new approach and its Chapter 17 (written
100in 2002) proposed the current VMT Project, which includes this case study. Since 2002, we
101have been collecting and analyzing data on how groups of students in a synchronous
102collaborative online environment organize their interaction to achieve intersubjectivity and
103shared cognitive accomplishments in the domain of school mathematics.
104Knowledge building in CSCL has traditionally been supported primarily with asynchronous
105technologies (Scardamalia and Bereiter 1996). Within appropriate educational cultures, this can
106be effective for long-term refinement of ideas by learning communities. However, in small
107groups and in many classrooms, asynchronous media encourage mere exchange of individual
108opinions more than co-construction of progressive trains of joint thought. We have found
109informally that synchronous interaction can more effectively promote group cognition—the
110accomplishment of “higher order” cognitive tasks through the coordination of contributions by
111individuals within the discourse of a small group. We believe that the case study in this paper
112demonstrates the power of group interaction in a largely synchronous environment; the
113coordination of interaction in an asynchronous interaction would be quite different in nature as
114a result of very different interactional constraints.
115In CSCL settings, interaction is mediated by a computer environment. Students working
116in such a setting must enact, adapt, or invent ways of coordinating their understandings by
117means of the technological affordances that they find at hand (see Dohn, this issue). The
118development and deployment of these methods is not usually an explicit, rational process
119that is easily articulated by either the participants or analysts. It occurs tacitly, unnoticed,
120taken-for-granted. In order to make it more visible to us as analysts, we have developed an
121environment that makes the coordination of interaction more salient and captures a
122complete record of the group interaction for detailed analysis. In trying to support online
123math problem solving by small groups, we have found it important to provide media for
124both linguistic and graphical expression. This resulted in what is known within CSCL as a
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125dual-interaction space. In our environment, students must coordinate their text chat
126postings with their whiteboard drawings. A careful analysis of how they do this reveals as
127well their more general methods of group organization.
128The analysis of our case study focuses on episodes of interaction through which an online
129group of students co-constructs mathematical artifacts across dual-interaction spaces. It looks
130closely at how group members put the multiple modalities into use, how they make their chat
131postings and drawing actions intelligible to each other, and how they achieve a sense of
132coherence among actions taking place across the modalities to which they have access. We
133base our discussion, analysis, and design of the affordances of the online environment on the
134methodical ways the features of the software are put into use by the students.
135In another VMT case study (Sarmiento and Stahl 2008), we have seen how the problem-
136solving work of a virtual math team is accomplished through the co-construction and
137maintenance of a joint problem space (Teasley and Roschelle 1993). This figurative space—
138that supports group interaction and the shared understanding of that interaction by the
139participants—not only grounds the content of the team’s discourse and work, but also ties
140together the social fabric of the relations among the team members as actors. In addition, we
141saw that the joint problem space has a third essential dimension: time or sequence. The
142construction of the joint problem space constitutes a shared temporality through bridging
143moves that span and thereby order discontinuous events as past, present, and future
144(Sarmiento-Klapper 2009). This can be seen, for instance, in the use of tenses in group-
145remembering discourses. More generally, the joint problem space provides a framework of
146sequential orderings, within which temporal deictic references, for example, can be resolved.
147In this paper, we further investigate how a virtual math team achieves a group
148organization of its activities such that the group can proceed with a sense of everyone
149understanding each other and of working collaboratively as a group. We do this through a
150fine-grained analysis of the group’s interaction in a VMT session in which they formulate,
151explore, and solve a geometry problem. Their work takes place in graphical, narrative, and
152symbolic media—supported technologically by the shared whiteboard, text chat, and wiki
153pages of the VMT environment. We pay particular attention to how graphical inscriptions,
154textual postings, and symbolic expressions in the different media are closely coordinated by
155the group members, despite the differences of the media.
156We pursue a micro-ethnographic approach to analyzing the activities of the group members
157in their own terms. They set themselves a task, propose how to proceed step by step, and
158explain to each other how to understand their actions.We try to follow the explanations, which
159are available in the inscriptions, postings, and expressions—particularly when the
160sequentiality of these allows the complex references among them to be followed.
161The establishment of group order in small-group interaction is always strongly dependent
162upon the media, which mediate interaction. In the case of VMTchats, there is an intricate set of
163technological media, including text chat, a shared whiteboard, a community wiki, and graphical
164references from chat to whiteboard. The central part of this paper explores the different
165characteristics of the VMTmedia by observing how the students use them. Of particular interest
166are the ways in which a group coordinates activities in the different graphical and textual media.
167From a math-education perspective, it is also insightful to see how the visual and narrative
168understandings feed into the development and understanding of symbolic expressions.
169By the end of the paper, we will see how the group organization of graphical, narrative,
170and symbolic interactions continuously produce the joint problem space of the group’s
171effort. This coordination is revealed through sequential analysis, in which the consequence
172of one action in one medium following another in another medium is seen as mutually
173constitutive of the meaning of those actions. The sequential web of activity across the VMT
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174media—woven by semantic and indexical references among them—forms the joint problem
175space within which problem content, participant relationships, and temporal progress are all
176defined in a way that is shared by the group. We can see the “indexical field” formed by the
177group activities as the source of grounding that supports the intersubjectivity of the group
178effort. In contrast to psychological or psycholinguistic models of common ground, the fact
179that team members believe they have understandings in common about what each other is
180saying and doing is not a result of exchanging individual mental opinions, but is a function
181of the indexical organization of the group interaction.
182The joint problem space—as the foundation of group cognition—is not a mental
183construct of a set of individuals who achieve cognitive convergence or common (identical)
184ground through comparing mental models anymore than it is a figment of some form of
185group mind. Rather, it is a system of interconnected meanings formed by a weaving of
186references in the group discourse itself (Stahl 2007). In this paper, we analyze the methods
187the students used to co-construct this indexical field.
188In our case study, the organization of group meaning making takes place across media—in
189accordance with the specific affordances of the different media. Furthermore, the grounding
190of the students’ symbolic mathematical understanding can be seen as related to their visual
191and narrative understandings—or, rather, the various understandings are intricately
192interwoven and support each other. We trace this interweaving through our approach to the
193interactional analysis of sequential coordination at the group unit of analysis.

194A case study of a virtual math team

195The excerpts we present in this paper are obtained from a problem-solving session of a team
196of three students who participated in the VMT Spring Fest 2006. This event brought together
197several teams from the US, Scotland, and Singapore to collaborate on an open-ended math
198task on geometric patterns. Students were recruited anonymously through their teachers.
199Members of the teams generally did not know each other before the first session. Neither they
200nor we knew anything about each other (e.g., age or gender) except chat handle and
201information that may have been communicated during the sessions. Each group participated
202in four sessions during a 2-week period, and each session lasted over an hour. An adult from
203the research project moderated each session; the facilitators’ task was to help the teams when
204they experienced technical difficulties, not to participate in the problem-solving work.
205During their first session, all the teams were asked to work online on a particular pattern
206of squares made up of sticks (see Fig. 1). For the remaining three sessions the teams were
207asked to come up with their own shapes, describe the patterns they observed as
208mathematical formulas, and share their observations with other teams through a wiki page.
209This task was chosen because of the possibilities it afforded for many different solution
210approaches ranging from simple counting procedures to more advanced methods involving
211the use of recursive functions and exploring the properties of various number sequences.
212Moreover, the task had both algebraic and geometric aspects, to allow us to observe how
213participants put many features of the VMT software system into use. The open-ended nature
214of the activity stemmed from the need to agree upon a new shape made by sticks. This
215required groups to engage in an open-ended problem-solving activity, as compared to
216traditional situations where questions are given in advance and there is a single “correct”
217answer—presumably already known by a teacher. We used a traditional pattern problem
218(Moss and Beatty 2006; Watson and Mason 2005) to seed the activity and then left it up to
219each group to decide the kinds of shapes they found interesting and worth exploring further.
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220All the problem-solving sessions were conducted in the VMT environment. The VMT
221online system has two main interactive components that conform to the typical layout of
222systems with dual-interaction spaces: a shared drawing board that provides basic drawing
223features on the left, and a chat window on the right (Fig. 2). The online environment has
224features specifically designed to help users relate the actions happening across dual-
225interaction spaces (Stahl 2009b, chap.15). One of the unique features of this chat system is
226the referencing support mechanism (Mühlpfordt and Wessner 2005) that allows users to
227visually connect their chat postings to previous postings or objects on the whiteboard via
228arrows (see the last posting in Fig. 2 for an example of a message-to-whiteboard reference).
229The referential links attached to a message are displayed until a new message is posted.
230Messages with referential links are indicated by an arrow icon in the chat window, and a
231user can see where such a message is pointing by clicking on it at any time.
232In addition to the explicit referencing feature, the system displays small boxes in the chat
233window to indicate actions performed on the whiteboard. This awareness mechanism allows
234users to observe how actions performed in both interaction spaces are sequenced with respect to
235each other. Moreover, users can click on these boxes to move the whiteboard back and forth
236from its current state to the specific point in its history when that action was performed. Chat
237messages and activity markers are color coded to help users to keep track of who is doing what

Session I 

1. Draw the pattern for N=4, N=5, and N=6 in 
the whiteboard. Discuss as a group: How does 
the graphic pattern grow? 

2. Fill in the cells of the table for sticks and 
squares in rows N=4, N=5, and N=6. Once you 
agree on these results, post them on the VMT 
Wiki 

3. Can your group see a pattern of growth for 
the number of sticks and squares? When you 
are ready, post your ideas about the pattern of 
growth on the VMT Wiki.  

 

Sessions II and III 

1. Discuss the feedback that you received about your previous session.  

2. WHAT IF? Mathematicians do not just solve other people's problems — they also explore little 
worlds of patterns that they define and find interesting. Think about other mathematical problems 
related to the problem with the sticks. For instance, consider other arrangements of squares in 
addition to the triangle arrangement (diamond, cross, etc.). What if instead of squares you use other 
polygons like triangles, hexagons, etc.? Which polygons work well for building patterns like this? 
How about 3-D figures, like cubes with edges, sides and cubes? What are the different methods 
(induction, series, recursion, graphing, tables, etc.) you can use to analyze these different patterns? 

3. Go to the VMT Wiki and share the most interesting math problems that your group chose to work 
on. 

Fig. 1 Task description

Q1
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238in the online environment. In addition to standard awareness markers that display who is
239present in the room and who is currently typing, the system also displays textual descriptions of
240whiteboard actions in tool-tip messages that can be observed by holding the mouse either on the
241object in the whiteboard or on the corresponding square in the chat window.
242Studying the meaning-making practices enacted by the users of CSCL systems inevitably
243requires a close analysis of the process of collaboration itself (Dillenbourg et al. 1996; Stahl et
244al. 2006). In an effort to investigate the organization of interactions across the dual-interaction
245spaces of the VMT environment, we consider the small group as the unit of analysis (Stahl
2462006), and we appropriate methods of ethnomethodology and conversation analysis to
247conduct sequential analysis of group interactions at a microlevel (Psathas 1995; Sacks 1962/
2481995; ten Have 1999). Our work is informed by studies of interaction mediated by online
249text-chat with similar methods (Garcia and Jacobs 1998, 1999; O’Neill and Martin 2003),
250although the availability of a shared drawing area and explicit support for deictic references in
251our online environment substantially differentiate our study from theirs.
252The goal of this line of analytic work is to discover the commonsense understandings and
253procedures group members use to organize their conduct in particular interactional settings
254(Coulon 1995). Commonsense understandings and procedures are subjected to analytical
255scrutiny because they are what “enable actors to recognize and act on their real world
256circumstances, grasp the intentions and motivations of others, and achieve mutual
257understandings” (Goodwin and Heritage 1990, p. 285). Group members’ shared competencies
258in organizing their conduct not only allow them to produce their own actions, but also to
259interpret the actions of others (Garfinkel and Sacks 1970). Because group members enact
260these understandings visibly in their situated actions, researchers can discover them through
261detailed analysis of the members’ sequentially organized conduct (Schegloff and Sacks 1973).

Fig. 2 A screen-shot of the VMT environment
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262We conducted numerous VMT Project data sessions, where we subjected our analysis of the
263excerpts below to intersubjective agreement (Psathas 1995). This paper presents the outcome
264of this group effort together with the actual transcripts so that the analysis can be subjected to
265external scrutiny. During the data sessions we used the VMT Replayer tool, which allows us
266to replay a VMT chat session as it unfolded in real time based on the time stamps of actions
267recorded in the log file. The order of actions—chat postings, whiteboard actions, awareness
268messages—we observe with the Replayer as researchers exactly matches the order of actions
269originally observed by the users. This property of the Replayer allowed us to study the
270sequential unfolding of events during the entire chat session, which is crucial in making sense
271of the complex interactions mediated by a CSCL environment (Koschmann et al. 2007).
272In this case study, we focus on a sequence of excerpts obtained from a single problem-solving
273session of a virtual math team. We are concerned with how the actors contribute to the group
274meaning making as they proceed. This example involves the use and coordination of actions
275involving both the whiteboard and chat environment. It therefore served as a useful site for seeing
276how actors, in this local setting, were able to engage in meaningful coordinated interaction.
277The team has three members: Jason, 137 and Qwertyuiop, who are upper-middle-school
278students (roughly 14 years old) in the US. In the following subsections, we will present how this
279team co-constructed a mathematical artifact they referred to as the “hexagonal array” through a
280coordinated sequence of actions distributed between the chat and whiteboard spaces, and how
281they subsequently explored its properties by referring to and annotating shared drawings on the
282whiteboard. In particular, we will highlight how whiteboard objects and previous chat postings
283were used as semiotic resources during the collaborative problem-solving activity. This will
284show how chat and whiteboard differ in terms of their affordances for supporting group
285interaction. We will see how these differences are enacted and used in complementary ways by
286teammembers to achieve mutual intelligibility of their actions across multiple interaction spaces.

287Availability of production processes

288Log 1 is taken from the beginning of the team’s third session. The team has already
289explored similar patterns of sticks and become familiar with the features of the VMT online
290environment during their prior sessions. The drawing actions at the beginning of this
291excerpt were the first moves of the session related to math problem solving.

Log 1

Line Time Chat handle Chat message or <whiteboard action>

7:07:52–7:11:00 137 <137 draws a hexagon shape and then splits it up into
regions by adding lines. Figure 3 shows some of the key
steps in 137’s drawing performance>

1 7:11:16 137 Great. Can anyone m ake a diagram of a bunch of triangles?

7:11:16–7:11:49 137 <137 deletes the set of lines he has just drawn>

2 7:11:51 Qwertyuiop just a grid?….

7:11:54–7:12:01 137 <137 moves some of the older drawings away>

3 7:12:07 137 Yeah...

4 7:12:17 Qwertyuiop ok…

7:12:23–7:14:07 Qwertyuiop <Qwertyuiop draws a grid of triangles in the space
opened up by 137. Figure 4 shows some of the steps in
Qwertyuiop’s drawing actions>

M.P. Çakır, et al.
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292At the beginning of this excerpt, 137 performs a series of drawing actions. 137’s actions
293on the whiteboard include the drawing of a hexagon first, then three diagonal lines and
294finally lines parallel to the diagonals and to the sides of the hexagon whose intersections
295eventually introduce some triangular and diamond-shaped regions. Moreover, 137 also
296performs some adjustment moves—for instance between the 4th and 5th snapshots in
297Fig. 3—to ensure that three non-parallel lines intersect at a single point, and the edges of
298the hexagon are parallel to the lines introduced later as much as possible. Hence, this
299sequence of drawing actions suggests a particular organization of lines for constructing a
300hexagonal shape. (Fig. 3 shows six snapshots corresponding to intermediary stages of 137’s
301drawing actions: 137 initiates his drawing actions with six lines that form the hexagon in
302stage 1. Then he adds three diagonal lines in step 2. The 3rd snapshot shows the additional
303two lines drawn parallel to one of the diagonals. The 4th snapshot shows a similar set of two
304parallel lines added with respect to another diagonal. The 5th snapshot shows slight
305modifications performed on the new set of parallel lines to ensure intersections at certain
306places. The 6th snapshot shows the final stage of 137’s drawing.)
307137’s chat posting in line 1 that follows his drawing effort (which can be read as a self-
308critical, sarcastic “great”) suggests that he considers his illustration inadequate in some way.
309He makes this explicit by soliciting help from other members to produce “a diagram of a
310bunch of triangles” on the whiteboard, and then removing the diagram he has just produced
311(the boxes following this posting in Fig. 5 correspond to deletion actions on the whiteboard).
312By removing his diagram, 137 makes that space available to other members for the projected
313drawing activity. Qwertyuiop responds to 137’s query with a request for clarification
314regarding the projected organization of the drawing (“just a grid?”). After 137’s
315acknowledgement, Qwertyuiop performs a series of drawing actions that resemble the latter
316stages of 137’s drawing actions, namely starting with the parallel lines tipped to the right

            7:09:00 7:09:18        7:09:23 

           7:09:49 7:09:57      7:11:00 

Fig. 3 Six stages of 137’s drawing actions obtained from the Replayer tool. The time stamp of each stage is
displayed under the corresponding image. Snapshots focus on a particular region on the whiteboard where
the relevant drawing activity is taking place
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317first, then drawing a few parallel lines tipped to the left, and finally adding horizontal lines at
318the intersection points of earlier lines that are parallel to each other (see Figs. 4 and 5). Having
319witnessed 137’s earlier actions, the similarity in the organizations of both drawing actions
320suggest that Qwertyuiop has appropriated some key aspects of 137’s drawing strategy, but
321modified/reordered the steps (e.g., he did not start with the hexagon at the beginning) in a
322way that allowed him to produce a grid of triangles as a response to 137’s request.
323The key point we would like to highlight in this episode is that the availability of the
324sequencing of the drawing actions that produces a diagram on the shared whiteboard can
325serve as a vital resource for collaborative sense-making. As seen in Log 1, 137 did not
326provide any explanation in chat about his drawing actions or about the shape he was trying

     7:12:32 7:12:44 7:12:54

     7:12:59 7:13:08 7:13:13 

     7:13:19 7:13:23 7:13:36 

     7:13:51 7:14:07 7:14:12 

Fig. 4 The evolution of Qwertyuiop’s drawing in response to 137’s request
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327to draw. Yet, as we have observed in the similarity of Figs. 3 and 4, the orderliness of 137’s
328actions has informed Qwertyuiop’s subsequent performance. The methodical use of
329intersecting parallel lines to produce triangular objects is common to both drawing
330performances. Moreover, Qwertyuiop does not repeat the same set of drawing actions, but
331selectively uses 137’s steps to produce the relevant object (i.e., a grid of triangles) on the
332whiteboard. Qwertyuiop does not initially constrain his representational development by
333constructing a hexagon first, but allows a hexagon (or other shapes made with triangles) to
334emerge from the collection of shapes implied by the intersecting lines. Thus, Qwertyuiop’s
335performance shows us that he is able to notice a particular organization in 137’s drawing
336actions, and he has selectively appropriated and built upon some key aspects of 137’s
337drawing practice. As we will see in the following logs,1 the group’s subsequent use of this
338drawing will provide us additional evidence that Qwertyuiop’s diagram serves as an
339adequate response to 137’s request.
340This excerpt highlights a fundamental difference between the two interaction spaces:
341whiteboard and chat contributions differ in terms of the availability of their production
342process. As far as chat messages are concerned, participants can only see who is currently
343typing,2 but not what is being typed until the author decides to send the message. A similar

1 For instance, after Qwertyuiop declares the completion of the grid in line 11, 137 anchors Qwertyuiop’s
drawing to the background at 7:15:47 (see Log 3). Because such a move preserves the positions of the
selected objects and the objects affected by the move include only the lines recently added by Qwertyuiop,
137’s anchoring move seems to give a particular significance to Qwertyuiop’s recent drawing. Hence, 137’s
anchoring move can be treated as an (implicit) endorsement of Qwertyuiop’s drawing effort in response to his
previous request.
2 While a participant is typing, a social awareness message appears under the chat entry box on everyone
else’s screen stating that the person “is typing” (see Fig. 5). When the typist posts the message, the entire
message appears suddenly as an atomic action in everyone’s chat window.

Fig. 5 The interface at the 12th stage of Fig. 4
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344situation applies to atomic whiteboard actions such as drawing an individual line or a
345rectangle. Such actions make a single object appear in the shared drawing area when the user
346releases the left mouse button; in the case of editable objects such as textboxes, the object
347appears on the screens of the computers of all chat participants when the editor clicks outside
348the textbox. However, the construction of most shared diagrams includes the production of
349multiple atomic shapes (e.g., many lines), and hence the sequencing of actions that produce
350these diagrams is available to other members. As we have observed in this excerpt, the
351availability of the drawing process can have interactionally significant consequences for math-
352problem-solving chats due to its instructionally informative nature. In short, the whiteboard
353affords an animated evolution of the shared space, which makes the visual reasoning process
354manifest in drawing actions publicly available for other members’ inspection. For instance,
355in Fig. 4, transitions from stages 1 to 2 and 7 to 8 show modifications performed to achieve a
356peculiar geometric organization on the shared workspace.

357Mutability of chat and whiteboard contents

358Another interactionally significant difference between the chat and the whiteboard
359interaction spaces, which is evidenced in the excerpt above, is the difference in terms
360of the mutability of their contents. Once a chat posting is contributed, it cannot be
361changed or edited. Moreover, the sequential position of a chat posting cannot be
362altered later on. If the content or the sequential placement of a chat posting turns out
363to be interactionally problematic, then a new posting needs to be composed to repair
364that. On the other hand, the object-oriented design of the whiteboard allows users to
365reorganize its content by adding new objects and by moving, annotating, deleting, and
366reproducing existing ones. For instance, the way 137 and Qwertyuiop repaired their
367drawings in the excerpt above by repositioning some of the lines they drew earlier to
368make sure that they intersect at certain points and/or that they are parallel to the edges
369of the hexagon illustrates this difference. Such demonstrable tweaks make the
370mathematical details of the construction work visible and relevant to observers, and
371hence, serve as a vital resource for joint mathematical sense making. By seeing that
372Qwertyuiop successively and intentionally adjusts lines in his whiteboard drawing to
373appear more parallel or to intersect more precisely, the other group members take note
374of the significance of the arrangement of lines as parallel and intersecting in specific
375patterns.
376While both chat and whiteboard in VMT support persistence, visibility, and
377mutability, they do so in different ways. A chat posting scrolls away only slowly and
378one can always scroll back to it, whereas a drawing may be erased by anyone at any
379time. Chat conventions allow one to replace (i.e., follow) a mistyped posting with a new
380one, and conversational conventions allow utterances to be retracted, repaired, or refined.
381The mechanisms of the two mediational technologies are different and the characteristics
382of their persistence, visibility, and mutability differ accordingly. Collaborative interaction
383in the dual-space environment is sensitively attuned to these intricate and subtle
384differences.

385Monitoring joint attention

386The excerpt in Log 2 immediately follows the one in Log 1, where the team is oriented
387to the construction of a triangular grid after a failed attempt to embed a grid of triangles
388inside a hexagon. As Qwertyuiop is adding more lines to the grid, the facilitator (Nan)
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389posts two questions addressed to the whole team in line 5. The question not only
390queries about what is happening now and whether everybody knows what others are
391currently doing, but the placement of the question at this point in interaction also
392problematizes the relevance of what has been happening so far. 137’s response in lines
3936 and 8 treat the facilitator’s question as a problematic intervention. Qwertyuiop’s
394response indicates he is busy with making triangles, and hence may not know what
395others are doing. Jason acknowledges that he is following what has been going on in
396line 9. These responses indicate that the team members have been following (perhaps
397better than the facilitator) what has been happening on the whiteboard so far as
398something relevant to their task at hand.

399In this excerpt, the facilitator calls on each participant to report on his/her understanding
400of the activities of other participants. There was an extended duration in which no chat
401postings were published while whiteboard actions were being performed by Qwertyuiop.
402Because it is not possible for any participant to observe other participants directly, it is not
403possible to monitor a class of actions others may perform that (1) are important for how we
404understand ongoing action but (2) do not involve explicit manipulation of the VMT
405environment, actions like watching the screen, reading text, inspecting whiteboard
406constructs, and so forth. The only way to determine if those kinds of actions are occurring
407is to explicitly inquire about them using a chat posting.

408Past and future relevancies implied by shared drawings

409Following Qwertyuiop’s announcement in line 11 of Log 2 that the drawing work is
410complete, 137 proposes that the team calculate “the number of triangles” in a “hexagonal
411array” as a possible question to be pursued next. Although a hexagon was previously
412produced as part of the failed drawing, this is the first time someone explicitly mentions
413the term “hexagonal array” in this session. What makes 137’s proposal potentially
414intelligible to others is the availability of referable resources such as whiteboard objects,
415and the immediate history of the production of those objects such that the proposal can
416be seen to be embedded in a sequence of displayed actions. 137’s use of “So” to

Log 2

5 7:14:09 nan so what’s up now? does everyone know what other people
are doing?

7:14:12 Qwertyuiop < Qwertyuiop adds a line to the grid of triangles>

6 7:14:25 137 Yes?

7 7:14:25 Qwertyuiop no-just making triangles

7:14:32 Qwertyuiop < Qwertyuiop adds a line to the grid of triangles>

8 7:14:33 137 I think... [REF to line 6]

9 7:14:34 Jason Yeah

7:14:36 Qwertyuiop < Qwertyuiop adds a line to the grid of triangles>

10 7:14:46 nan good :-)

11 7:14:51 Qwertyuiop Triangles are done

12 7:15:08 137 So do you want to first calculate the number of triangles
in a hexagonal array?
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417introduce his proposal presents it as a consequence of, or a making explicit of, what
418preceded. His suggestion of it as a “first” (next) move implies that the drawings opened
419up multiple mathematical tasks that the group could pursue, and that the proposed
420suggestion would be a candidate for a next move. In other words, the objects on the
421whiteboard and their visually shared production index a horizon of past and future
422activities. The indexical terms in 137’s proposal (like “hexagonal array”) not only rely on
423the availability of the whiteboard objects to propose a relevant activity to pursue next, but
424also modify their sense by using linguistic and semantic resources in the production to
425label or gloss the whiteboard object and its production. This allows actors to orient in
426particular ways to the whiteboard object and the procedures of its co-construction—
427providing a basis for coordinated joint activity. The joint activity acquires a temporal
428structure that is defined by the details of chat wording, the animation of graphical
429construction, and the sequentiality of proposing.

430Methods for referencing relevant objects in the shared visual field

431Bringing relevant mathematical objects to other members’ attention often requires a
432coordinated sequence of actions performed in both the chat and whiteboard interaction
433spaces. The episode following 137’s proposal (Log 3) provides us with an appropriate
434setting to illustrate how participants achieve this in interaction. Following 137’s proposal in
435line 12, both Qwertyuiop and Jason post queries for clarification in lines 13 and 16,
436respectively, which indicate that the available referential resources were insufficient for
437them to locate what 137 is referring to with the term “hexagonal array.” Jason’s query in the
438chat is particularly important here because it explicitly calls for a response to be performed
439on the shared diagram, that is, in a particular field of relevance in the other interaction
440space. Following Jason’s query, 137 begins to perform a sequence of drawing actions on the
441shared diagram. He adds a few lines that gradually begin to enclose a region on the
442triangular grid3 (see Fig. 6).

7:16:52       7:17:03 7:17:19         7:17:28 

7:17:32      7:18:03  7:19:07        7:19:38 

Fig. 6 Snapshots from the sequence of drawing actions performed by 137

3 In the meantime, Qwertyuiop also performs a few drawing actions near the shared drawing, but his actions
do not introduce anything noticeably different because he quickly erases what he draws each time.
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443When the shared diagram reaches the stage illustrated by the 4th frame in Fig. 6,
444Jason posts the message “hmmm… okay” in line 17, which can be read as an
445acknowledgement of 137’s performance on the whiteboard as a response to his recent
446chat query. Because no chat message was posted after Jason’s request in line 16, and the
447only shared actions were 137’s work on the whiteboard, Jason’s chat posting can be read
448as a response to the ongoing drawing activity on the whiteboard. As it is made evident in
449his posting, Jason is treating the evolving drawing on the shared diagram as a response to
450his earlier query for highlighting the hexagonal array on the whiteboard: The question/
451answer adjacency pair is spread across the two interaction spaces in an unproblematic
452way.
453Following provisional acknowledgement of 137’s drawing actions on the whiteboard,
454Jason posts a claim in line 19. This posting is built as a declarative: “so it has at least 6
455triangles,” with a question mark appended to the end. The use of “so” in this posting
456invites readers to treat what follows in the posting as a consequence of the prior actions
457of 137. In this way, Jason is (a) proposing a defeasible extension of his understanding

Log 3

11 7:14:51 Qwertyuiop Triangles are done

12 7:15:08 137 So do you want to first calculate the number of triangles
in a hexagonal array?

13 7:15:45 Qwertyuiop What’s the shape of the array? a hexagon? <REF to 12>

7:15:47 137 <137 locks the triangular grid that Qwertyuiop has just drawn>

14 7:16:02 137 Ya <REF to line 13>

15 7:16:15 Qwertyuiop ok….

7:16:18–7:16:35 137 <137 performs a few drawing actions and then erases them>

16 7:16:41 Jason wait– can someone highlight the hexagonal array on the
diagram? i don’t really see what you mean...

7:16:45–7:17:28 137 <137 adds new lines to the grid on the whiteboard which
gradually forms a contour on top of the grid. Figure 6 shows
some of the steps performed by 137>

17 7:17:30 Jason Hmm.. okay

18 7:17:43 Qwertyuiop Oops <REF to Whiteboard>

19 7:17:44 Jason so it has at least 6 triangles?

20 7:17:58 Jason in this, for instance <REF to Whiteboard>

7:18:03–7:18:17 137 <137 completes the contour by adding more lines, which
forms a hexagon>

21 7:18:53 137 How do you color lines?

22 7:19:06 Jason There’s a little paintbrush icon up at the top

23 7:19:12 Jason it’s the fifth one from the right

7:19:13–7:19:20 137 137 begins to change the color of the lines that form the
contour to blue>

24 7:19:20 137 Thanks.

25 7:19:21 Jason There ya go :-)

7:19:25–7:19:48 137 <137 finishes the coloring. Now the contour is
highlighted in blue>

26 7:19:48 137 Er... That hexagon.

27 7:20:02 Jason so... should we try to find a formula i guess

Computer-Supported Collaborative Learning

JrnlID 11412_ArtID 9061_Proof# 1 - 03/03/2009



AUTHOR'S PROOF

U
N
C
O
R
R
EC
TE
D
PR
O
O
F

458of the sense of 137’s actions and (b) inviting others to endorse or correct this
459provisional claim about the hexagonal array by presenting this as a query using the
460question mark.
461In line 20, Jason provides further specificity to what he is indexing with the term “it” in
462line 19 by highlighting a region on the grid with the referencing tool of the VMT system.
463The textual part of the posting makes it evident that the highlighted region is an instance of
464the object mentioned in line 19. Moreover, the six triangles highlighted by the explicit
465reference recognizably make up a hexagon shape altogether. Hence, Jason’s explicit
466reference seems to be pointing to a particular stage (indexed by “at least”) of the hexagonal
467array that the team is oriented to (see Fig. 7).
468In other words, having witnessed the production of the hexagonal shape on the
469whiteboard as a response to his earlier query, Jason displays his competence by
470demonstrating his recognition of the hexagonal pattern implicated in 137’s graphical
471illustration. 137’s drawing actions highlight a particular stage of a growing pattern
472made of triangles—stage N=3, as we will see in Fig. 9. However, recognizing the stick-
473pattern implicated in 137’s highlighting actions requires other members to project how
474the displayed example can be grown and/or shrunk to produce other stages of the
475hexagonal array. Thus, Jason’s description of the shape of the “hexagonal array” at a
476different stage—N=1—is a public display of his newly achieved comprehension of the
477significance of the math object in the whiteboard and the achievement of “indexical
478symmetry” among the parties involved with respect to this math object (see Stahl 2009b,
479chap.14).

Fig. 7 Use of the referencing tool to point to a stage of the hexagonal array
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480Although Jason explicitly endorsed 137’s drawing as an adequate illustration, the small
481boxes in the chat stream that appear after Jason’s acknowledgement in line 17 show that
482137 is still oriented to and operating on the whiteboard. In line 21, 137 solicits other
483members’ help regarding how he can change the color of an object on the board, which
484opens a side sequence about a specific feature of the whiteboard system. Based on the
485description he got, 137 finishes marking the hexagon by coloring all its edges with blue,
486and he posts “that hexagon” in line 25. This can be read as a chat reference to the
487whiteboard shape enclosed by the blue contour, and as a response to other members’ earlier
488requests for clarification.
489In this excerpt, we have observed two referential methods enacted by participants to
490bring relevant graphical objects on the whiteboard to other group members’ attention. In the
491first case, 137 marked the drawing with a different color to identify the contour of a
492hexagonal shape. As evidenced in other members’ responses, this was designed to make the
493hexagonal array embedded in a grid of triangles visible to others. Jason demonstrated
494another method by using the explicit referencing tool to support his textual description of
495the first stage of the pattern. Both mechanisms play a key role in directing other members’
496attention to features of the shared visual field in particular ways. This kind of deictic usage
497isolates components of the shared drawing and constitutes them as relevant objects to be
498attended to for the purposes at hand. As we shall see, these guided shifts in visual focus of
499the group have strategic importance for the group’s mathematical work. Hence, such
500referential work establishes a fundamental relationship between the narrative and
501mathematical terminology used in text chat and the animated graphical constructions
502produced on the whiteboard. The shared sense of the textual terms and the inscriptions co-
503evolve through the referential linkages established as the interaction sequentially unfolds in
504both interaction spaces.
505In Log 3, the group tentatively proposes a major mathematical insight—that a hexagon
506can be viewed as six symmetric triangular areas. It is a visual achievement. It emerges from
507a visual inspection by Jason of 137’s graphical diagram, based on Qwertyuiop’s method of
508visually representing hexagons as patterns of triangularly intersecting lines. By literally
509focusing his eyes on a smallest hexagon in the larger array and counting the number of
510triangles visible within a hexagonal border, Jason discovers that there are at least six
511triangles at the initial stage of a hexagon with one unit on each side. We will see how the
512group visualizes the generalization of this picture to other stages. However, it is already
513interesting to note that Jason not only observes the composition of a small hexagon out of
514six triangles, but he conveys this to the rest of the group in both media. He posts chat line
51519 and then references from chat line 20 to a visually highlighted view in the whiteboard,
516so that his visual understanding can be shared by the group as well as his narrative
517description in his claim. The next step for the group will be to formulate a symbolic
518mathematical expression of this claim.

519Whiteboard visualizations, chat narratives and wiki symbolisms

520The excerpt in Log 4 immediately follows Log 3. The way 137 uses both interaction
521spaces in this episode highlights another important aspect of collaborative problem-
522solving work in an environment like VMT. Because participants can contribute to only
523one of the interaction spaces at a time, they cannot narrate their whiteboard actions
524simultaneously with chat postings, as can be done with talking about a whiteboard in a
525face-to-face setting. However, as we will observe in 137’s use of the whiteboard in the
526following excerpt, participants can achieve a similar interactional organization by
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527coordinating their actions in such a way that whiteboard actions can be seen as part of
528an exposition performed in chat.

529Jason brings the prior activity of locating the hexagonal array on the shared drawing to a
530close with his so-prefaced posting in line 27, where he invokes the task of finding a formula
531that was mentioned by 137 earlier. Jason provides further specificity to the formula he is
532referring to in the next line (i.e., given the side length as input the formula should return the
533number of triangles as output). In line 29, Qwertyuiop takes up Jason’s proposal by
534suggesting the team consider the hexagonal array as six smaller triangles to potentially
535simplify the task at hand. In the next line, 137 posts a question phrased as “like this?”
536which is addressed to Qwertyuiop’s prior posting, as indicated by the use of the referential
537arrow. Next, we observe the appearance of three red lines on the shared diagram, which are
538all added by 137. Here, 137 demonstrates a particular way of splitting the hexagon into six
539parts: The image on the left of Fig. 8 corresponds to the sequence of three whiteboard
540actions represented as three boxes in the chat excerpt. After 137 adds the third line whose

Log 4

27 7:20:02 Jason so... should we try to find a formula i guess

28 7:20:22 Jason input: side length; output: # triangles

29 7:20:39 Qwertyuiop It might be easier to see it as the 6 smaller triangles.

30 7:20:48 137 Like this? <REF to line 29>

7:20:53 137 <137 draws a red line>

7:20:57 137 <137 draws a red line>

7:21:00 137 <137 draws a red line>

31 7:21:02 Qwertyuiop Yes

32 7:21:03 Jason Yup

7:21:03 137 <137 moves the second red line>

7:21:05 137 <137 moves the second red line again. It is positioned
on the grid now>

33 7:21:29 Qwertyuiop Side length is the same...

34 7:22:06 Jason Yeah

Fig. 8 137 splits the hexagon into six parts

Q1

M.P. Çakır, et al.

JrnlID 11412_ArtID 9061_Proof# 1 - 03/03/2009



AUTHOR'S PROOF

U
N
C
O
R
R
EC
TE
D
PR
O
O
F

541intersection with the previously drawn red lines recognizably produces six triangular
542regions on the shared representation, Qwertyuiop and Jason both endorse 137’s
543demonstration of a particular way of splitting up the hexagonal shape.
544One important aspect of this organization is directing other members’ attention to the
545projected whiteboard activity as a relevant step in the sequentially unfolding exposition in
546chat. For instance, the deictic term “this” in 137’s chat line 30 refers to something yet to be
547produced, and thereby projects that there is more to follow the current posting, possibly in
548the other interaction space. Moreover, the use of the referential link and the term “like”
549together inform others that what is about to be done should be read in relation to the
550message to which 137 is responding. Finally, 137’s use of a different color marks the newly
551added lines as recognizably distinct from what is already there as the background, and
552hence, noticeable as a demonstration of what is implicated in recent chat postings.
553Again, the progress in understanding the mathematics of the problem is propelled through
554visual means. In response to Jason’s proposal of finding a formula, Qwertyuiop suggests that
555“it might be easier to see it” in a certain way. Jason’s proposed approach might be difficult to
556pursue because no one has suggested a concrete approach to constructing a formula that
557would meet the general criteria of producing an output result for any input variable value. By
558contrast, the group has been working successfully in the visual medium of the whiteboard
559drawing and has been literally able to “see” important characteristics of the math object that
560they have co-constructed out of intersecting lines. Jason has pointed out that at least six
561triangles are involved (in the smallest hexagon). So, Qwertyuiop proposes building on this
562in-sight. 137 asks if the way to see the general case in terms of the six small triangles as
563proposed by Qwertyuiop can be visualized by intersecting the hexagon array with three
564intersecting lines to distinguish the six regions of the array. He does this through a visual
565construction, simply referenced from the chat with his “Like this?” post.
566By staring at the final version of the array (stage 3 in Fig. 8), all members of the group
567can see the hexagon divided into six equal parts at each stage of the hexagonal pattern. Near
568the intersection of the red lines, they can see a single small triangle nestled in each of the
569six regions. As will be evidenced in Log 5, within the larger hexagon delimited by the blue
570lines, they can see a set of 1+3+5=9 small triangles in each of the six larger triangular
571regions. Similarly, midway between stage N=1 and stage N=3, one can visually observe
5721+3=4 small triangles in each region. The new view, scaffolded by 137’s red lines, entails
573visual reasoning that leads to mathematical deductions. As soon as Qwertyuiop and Jason
574see 137’s construction, they both concur with it as the easier way to see the mathematical
575pattern of triangles in the hexagonal array. The visual reasoning supported by whiteboard
576and narrated textually in the chat will lead in the next episode to symbolic reasoning for
577posting in the wiki.
578A first glance at the chat logs might suggest that the group is narrating their problem-
579solving process in the chat and illustrating what they mean by “napkin” drawings in the
580whiteboard, to use Dillenbourg and Traum’s (2006) metaphor. However, a second look
581reveals that the most significant insight and sharing is occurring in the whiteboard, more
582along the lines of a visual “model” metaphor. Perhaps the best way to describe what is
583going on is to say that the group is very carefully coordinating their work in the dual space
584as a whole to achieve a shared progression of understanding of the pattern problem. This is
585accomplished with an efficiency and effectiveness that could not be achieved in either a
586purely textual chat system or a purely graphical whiteboard. Although in this view the chat
587and whiteboard both function as symmetric parts of a coordinated whole in which chat
588references drawing and drawing illustrates chat, it is important to differentiate their roles as
589well.
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590Using representations of specific instances as a resource for generalization

591Immediately following the previous excerpt, the team moves on to figuring out a general
592formula to compute the number of triangles in a hexagonal pattern. In line 34 of Log 5,
593Jason relates the particular partitioning of the hexagon illustrated on the whiteboard to the
594problem at hand by stating that the number (“#”) of triangles in the hexagon will equal 6
595times (“×6”) the number of triangles enclosed in each partition. In the next posting, 137
596seems to be indexing one of the six partitions with the phrase “each one.” Hence, this
597posting can be read as a proposal about the number of triangles included in a partition. The
598sequence of numbers in the expression “1+3+5” calls others to look at a partition in a
599particular way. While 137 could have simply said here that there are nine triangles in each
600partition, he instead organizes the numbers in summation form and offers more than an
601aggregated result. His expression also demonstrates a systematic method for counting the
602triangles. In other words, his construction is designed to highlight a particular orderliness in
603the organization of triangles that form a partition. Moreover, the sequence includes
604increasing consecutive odd numbers, which implicitly informs a certain progression for the
605growth of the shape under consideration.

606About a minute after his most recent posting, 137 offers an extended version of his
607sequence as a query in line 38. The relationship between the sequence for the special case
608and this one is made explicit through the repetition of the first two terms. In the new version
609the “…” notation is used to substitute a series of numbers following the second term up to a
610generic value represented by “n+n−1,” which can be recognized as a standard expression
611for the nth odd number. Hence, this representation is designed to stand for something more
612general than the one derived from the specific instance illustrated on the whiteboard. 137
613attributes this generalization to the concept of “rows,” and solicits other members’
614assessment regarding the validity of his version (by ending with a question mark). 137’s use
615of the term “rows” seems to serve as a pedagogic device that attempts to locate the numbers
616in the sequence on the nth stage of the hexagonal pattern (see Fig. 9 for an analyst’s
617illustration of the generalized hexagonal pattern). For stages 1, 2, and 3, the hexagonal
618shape has 6*(1) = 6, 6*(1+3) = 24, 6*(1+3+5) = 54 triangles, respectively.
619Qwertyuiop’s endorsement of 137’s proposal comes in line 39. He also demonstrates a
620row-by-row iteration on a hexagon, where each number in the sequence corresponds to a

Log 5

34 7:22:13 Jason so it’ll just be ×6 for # triangles in the hexagon

35 7:22:19 137 Each one has 1+3+5 triangles.

36 7:22:23 Jason but then we’re assuming just regular hexagons

37 7:22:29 Qwertyuiop the “each polygon corrisponds to 2 sides” thing we did last time
doesn’t work for triangles

38 7:23:17 137 It equals 1+3+...+(n+n−1) because of the “rows”?

39 7:24:00 Qwertyuiop yes- 1st row is 1, 2nd row is 3...

40 7:24:49 137 And there are n terms so... n(2n/2)

41 7:25:07 137 or n^2 <REF to line 40>

42 7:25:17 Jason Yeah

43 7:25:21 Jason then multiply by 6

44 7:25:31 137 To get 6n^2 <REF to line 43>
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622line 38 of the chat by displaying his understanding of the relationship between the rows and
623the sequence of odd numbers. Although he does not explicitly reference it here, Qwertyuiop
624may be viewing the figure in the whiteboard to see the successive rows. The figure is, of
625course, also available to 137 and Jason to help them follow Qwertyuiop’s chat posting and
626check it.
627Then 137 proposes an expression for the sum of the first n odd numbers in line 40.4

628Jason agrees with the proposed expression and suggests that it should be multiplied by 6
629next. In the following line, 137 grammatically completes Jason’s posting with the resulting
630expression. In short, by virtue of the agreements and the co-construction work of Jason and
631137, the team demonstrates its endorsement of the conclusion that the number of triangles
632would equal 6n2 for a hexagonal array made of triangles. As the group collaboratively
633discovered, when n equals the stage number (as “input” to the formula), the number of
634triangles is given by the expression 6n2.
635The way team members orient themselves to the shared drawing in this episode
636illustrates that the drawings on the whiteboard have a figurative role in addition to their
637concrete appearance as illustrations of specific cases. The particular cases captured by
638concrete, tangible marks on the whiteboard are often used as a resource to investigate and
639talk about general properties of the mathematical objects indexed by them.
640Another important aspect of the team’s achievement of a general expression in this
641episode is the way they transformed a particular way of counting the triangles in one of the
642partitions (i.e., a geometric observation) into an algebraic mode of investigation. This shift
643from a visual method led the team members to recognize that a particular sequence of
644numbers can be associated with the way the partition grows in subsequent iterations. The
645shift to this symbolic mode of engagement, which heavily uses the shared drawing as a
646resource, allowed the team to go further in the task of generalizing the pattern of growth by
647invoking algebraic resources. In other words, the team made use of multiple realizations
648(graphical and linguistic) of the math object (the hexagonal array) distributed across the
649dual-interaction space to co-construct a general formula for the task at hand.

650Chat versus whiteboard contributions as persistent referential resources

651In all of the excerpts we have considered so far, the shared drawing has been used as a
652resource within a sequence of related but recognizably distinct activities. For instance, the

4 137 makes use of Gauss’s method for summing this kind of series, adding the first and last term and
multiplying by half of the number of terms: (1 + n + n – 1)*n/2 = 2n*n/2 = n2. This method was used by the
group and shared in previous sessions involving the stair pattern that is still visible in the whiteboard.

Fig. 9 A reconstruction of the first three iterations of the geometric pattern
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653group has oriented itself to the following activities: (1) drawing a grid of triangles, (2)
654formulating a problem that relates a hexagonal array to a grid of triangles, (3) highlighting a
655particular hexagon on the grid, (4) illustrating a particular way to split the shape into six
656smaller pieces, and (5) devising a systematic method to count the number of triangles
657within one of the six pieces. As the group oriented to different aspects of their shared task,
658the shared diagram was modified on the whiteboard and annotated in chat accordingly. Yet,
659although it had been modified and annotated along the way, the availability of this shared
660drawing on the screen and the way participants organize their discussion around it
661highlights its persistent characteristic as an ongoing referential resource. In contrast, none of
662the chat postings in prior excerpts were attributed a similar referential status by the
663participants. As we have seen, in each episode the postings responded or referred either to
664recently posted chat messages or to the visual objects in the shared space.
665The textual chat postings and the graphical objects produced on the whiteboard differ in
666terms of the way they are used as referential resources by the participants. The content of
667the whiteboard is persistently available for reference and manipulation, whereas the chat
668content is visually available for reference for a relatively shorter period. This is due to the
669linear growth of chat content, which replaces previous messages with the most recent
670contributions inserted at the bottom of the chat window. Although one can make explicit
671references to older postings by using the scroll-bar feature, the limited size of the chat
672window affords a referential locality between postings that are visually (and hence
673temporally) close to each other.
674By contrast, objects drawn in the whiteboard tend to remain there for a long time. They
675are often only erased or moved out of view when space is needed for drawings related to a
676new topic. While they may be modified, elaborated, or moved around, whiteboard objects
677may remain visible for an entire hour-long session or even across sessions. Like the chat,
678the whiteboard has a history scrollbar, so that any past state of the drawing can be made
679visible again—although in practice students rarely use this feature. Although both media
680technically offer a persistent record of their contents, the visual locality of the whiteboard—
681the fact that graphical objects tend to stay available for reference from the more fleeting
682chat—qualifies it as the more persistent medium as an interactional resource. This notion of
683persistence does not imply that the shared sense of whiteboard objects is fixed once they are
684registered to the shared visual field. As they continue to serve as referential resources
685during the course of the problem-solving effort, the sense of whiteboard objects may
686become increasingly evident and shared, or their role may be modified as participants make
687use of them for varying purposes.

688Implications for CSCL chat interaction analysis

689In this case study, we investigated how a group of three upper-middle-school students put
690the features of an online environment with dual-interaction spaces into use as they
691collaboratively worked on a math problem they themselves came up with. Our analysis has
692revealed important insights regarding the affordances of systems with dual-interaction
693spaces. First, we observed that the whiteboard can make visible to everyone the animated
694evolution of a geometric construction, displaying the visual reasoning process manifested
695in drawing actions. Second, whiteboard and chat contents differ in terms of mutability of
696their contents, due to the object-oriented design of the whiteboard that allows modification
697and annotation of past contributions. Third, the media differ in terms of the persistence of
698their contents: Whiteboard objects remain in the shared visual field until they are removed,
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699whereas chat content gradually scrolls off as new postings are produced. Although contents
700of both spaces are persistently available for reference, due to linear progression of the chat
701window, chat postings are likely to refer to visually (and hence temporally) close chat
702messages and to graphical whiteboard objects. Finally, the whiteboard objects index a
703horizon of past and future activities as they serve as an interactional resource through the
704course of recognizably distinct but related episodes of chat discussion.
705Our analysis of this team’s joint work has also revealed methods for the organization of
706collaborative work, through which group members co-construct mathematical meaning
707sedimented in semiotic objects distributed across the dual- interaction spaces of the VMT
708environment. We observed that bringing relevant math artifacts referenced by indexical
709terms such as “hexagonal array” to other members’ attention often requires a coordinated
710sequence of actions across the two interaction spaces. Participants use explicit and verbal
711references to guide each other about how a new contribution should be read in relation to
712prior contents. Indexical terms stated in chat referring to the visible production of shared
713objects are instrumental in the reification of those terms as meaningful mathematical objects
714for the participants. Verbal references to co-constructed objects are often used as a resource
715to index complicated and abstract mathematical concepts in the process of co-constructing
716new ones. Finally, different representational affordances of the dual-interaction spaces allow
717groups to develop multiple realizations of the math artifacts to which they are oriented.
718Shared graphical inscriptions and chat postings are used together as semiotic resources in
719mutually elaborating ways. Methods of coordinating group interaction across the media
720spaces also interrelate the mathematical significances of the multiple realizations.
721Overall, we observed that actions performed in both interaction spaces constitute an
722evolving historical context for the joint work of the group. What gets done now informs the
723relevant actions to be performed next, and the significance of what was done previously can
724be modified depending on the circumstances of the ongoing activity. As the interaction
725unfolds sequentially, the sense of previously posted whiteboard objects and chat statements
726may become evident and/or refined. In this way, the group’s joint problem space is
727maintained.
728Through the sequential coordination of chat postings and whiteboard inscriptions, the
729group successfully solved their mathematical challenge, to find a formula for the number of
730small triangles in a hexagonal array of any given side-length. Their interaction was guided
731by a sequence of proposals and responses carried out textually in the chat medium.
732However, the sense of the terms and relationships narrated in the chat were largely
733instantiated, shared, and investigated through observation of visible features of graphical
734inscriptions in the whiteboard medium. The mathematical object that was visually co-
735constructed in the whiteboard was named and described in words within the chat. Finally, a
736symbolic expression was developed by the group, grounded in the graphic that evolved in
737the whiteboard and discussed in the terminology that emerged in the chat. The symbolic
738mathematical result was then posted to the wiki, a third medium within the VMT
739environment. The wiki is intended for sharing group findings with other groups as part of a
740permanent archive of work by virtual math teams.
741Our case study in this paper demonstrates that it is possible to analyze how math
742problem solving—and presumably other cognitive achievements—can be carried out by
743small groups of students. The students can define and refine their own problems to pursue;
744they can invent their own methods of working; they can use unrestricted vocabulary; they
745can coordinate work in multiple media, taking advantage of different affordances. Careful
746attention to the sequentiality of references and responses is necessary to reveal how the
747group coordinated its work and how that work was driven by the reactions of the group
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748members’ actions to each other. Only by focusing on the sequentiality of the actions can
749one see how the visual, narrative, and symbolic build on each other as well as how the
750actions of the individual students respond to each other. Through these actions, the students
751co-construct math objects, personal understanding, group agreement, and mathematical
752results that cannot be attributed to any one individual, but that emerge from the interaction
753as complexly sequenced.
754This analysis illustrates a promising approach for CSCL research to investigate aspects
755of group cognition that are beyond the reach of alternative methods that systematically
756ignore the full sequentiality of their data.

757The group as the unit of analysis

758For methodological reasons, quantitative approaches—such as those reviewed in the next
759section—generally (a) constrain (scaffold) subject behaviors, (b) filter (code) the data in
760terms of operationalized variables, and (c) aggregate (count) the coded data. These acts of
761standardization and reduction of the data eliminate the possibility of observing the details
762and enacted processes of unique, situated, indexical, sequential, group interaction (Stahl
7632006, chap. 10). An alternative form of interaction analysis is needed to explore the
764organization of interaction that can take place in CSCL settings.
765In this paper, we focused on small-group interactions mediated by a multimodal interaction
766space. Our study differs from similar work in CSCL by our focus on groups larger than dyads
767whose members are situated outside a controlled lab environment, and by our use of open-
768ended math tasks where students are encouraged to come up with their own problems.
769Moreover, we do not impose any deliberate restrictions on the ways students access the
770features of our online environment or on what they can say. Our main goal is to investigate
771how small groups of students construe and make use of the “available features” of the VMT
772online environment to discuss mathematics with peers from different schools outside their
773classroom setting. In other words, we are interested in studying interactional achievements of
774small groups in complex computer mediations “in the wild” (Hutchins 1996).
775Our interest in studying the use of an online environment with multiple interaction
776spaces in a more naturalistic use scenario raises serious methodological challenges. In an
777early VMT study where we conducted a content analysis of collaborative problem-solving
778activities mediated by a standard text-chat tool in a similar scenario of use, we observed that
779groups larger than dyads exhibit complex interactional patterns that are difficult to
780categorize based on a theory-informed coding scheme with a fixed/predetermined unit of
781analysis (Stahl 2009b, chap. 20). In particular, we observed numerous cases where
782participants post their messages in multiple chat turns, deal with contributions seemingly
783out of sequence, and sustain conversations across multiple threads that made it problematic
784to segment the data into fixed analytic units for categorization. Moreover, coming to
785agreement on a code assignment for a unit that is defined a priori (e.g., a chat line) turned
786out to be heavily dependent upon how the unit can be read in relation to resources available
787to participants (e.g., the problem description) and to prior units (Stahl 2009b, chap. 22). In
788other words, the sense of a unit not only depends on the semantic import of its constituent
789elements, but also on the occasion in which it is situated (Heritage 1984). This often makes
790it possible to apply multiple categories to a given unit and threatens the comparability of
791cases that are labeled with the same category. More importantly, once the data is reduced to
792codes and the assignments are aggregated, the complex sequential relationships among the
793units are largely lost. Hence, the coding approach’s attempt to enforce a category to each
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794fixed unit without any consideration to how users sequentially organize their actions in the
795environment proved to be too restrictive to adequately capture the interactional complexity
796of chat (Stahl 2009b, chap. 23). Moreover, the inclusion of a shared drawing area in our
797online environment made the use of a standard coding schema even harder due to increased
798possibilities for interaction. The open-ended nature of the tasks we use in our study makes it
799especially challenging to model certain types of actions and to compare them against ideal
800solutions.
801The issue of unit of analysis has theoretical implications. In text chat, it is tempting to
802take a single posting as the unit to be analyzed and coded, because a participant defined this
803as a unit by posting it as a message and because the chat software displays it as a visual
804unit. However, this tends to lead the analyst to treat the posting as a message from the
805posting individual—that is, as an expression of a thought in the poster’s mind, which must
806then be interpreted in the minds of the post readers. Conversation analysis has argued for
807the importance of interactions among participants as forming more meaningful units for
808analysis. These consist of sequences of multiple utterances by different speakers; the
809individual utterances take each other into account. For instance, in a question/answer
810“adjacency pair,” the question elicits an answer and the answer responds to the question. To
811take a pair of postings such as a question/answer pair as the analytic unit is to treat the
812interaction within the group as primary. It focuses the analysis at the level of the group
813rather than the individual. As mentioned, in online text chat, responses are often separated
814from their referents, so the analysis is more complicated. In general, we find that the
815important thing is to trace as many references as possible between chat postings or
816whiteboard actions in order to analyze the interaction of the group as it unfolds (Stahl
8172009b, chap. 26). As seen in our case study, it is through the co-construction of a rich nexus
818of such references that the group weaves its joint problem space.
819Analysis at the group unit focuses on the co-construction, maintenance, and progressive
820refinement of the joint problem space. This is a distinctive analytic task that takes as its data
821only what is shared by the group. Whatever may go on in the physical, mental, or cultural
822backgrounds of the individual participants is irrelevant unless it is brought into the group
823discourse. Because the students know nothing about the gender, age, ethnicity, accent,
824appearance, location, personality, opinions, grades, or skills of the other participants other
825than what is mentioned or displayed in the chat interaction, these “factors” from the
826individual and societal levels can be bracketed out of the group analysis. Survey and
827interview data is unnecessary; individual learning trajectories are not plotted. The VMT
828Project has been designed to make available to the analyst precisely what was shared by the
829student group, and nothing else.
830Relatedly, the notion of common ground (see section on grounding below) as an abstract
831placeholder for registered cumulative facts or pre-established meanings has been critiqued
832in the CSCL literature for treating meaning as a fixed/denotative entity transcendental to the
833meaning-making activities of inquirers (Koschmann 2002). The common ground that
834supports mutual understanding in group cognition or group problem solving is a matter of
835semantic references that unfold sequentially in the momentary situation of dialog, not a
836matter of comparing mental contents (Stahl 2006, pp. 353–356). Committing to a reference-
837repair model (Clark and Marshall 1981) for meaning making falls short of taking into
838account the dynamic, constitutive nature of meaning-making interactions that foster the
839process of inquiry (Koschmann et al. 2001).
840As we saw in the preceding case study, the understanding of the mathematical structure
841of the hexagon area did not occur as a mental model of one of the students that was
842subsequently externalized in the chat and whiteboard and communicated to the other
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843students. It emerged in the discourse media in a way that we could witness as analysts. It
844consisted of the layering of inscriptions (textual and graphical) that referenced one another.
845The referential network of group meaning can be observed in the way that deictic and
846indexical expressions are resolved. The three students each contribute to the progressive
847development of the shared meaning by responding appropriately to the ongoing state of the
848discourse. This is a matter of linguistic skill—including ability in discussing mathematical
849matters—not of articulating mental representations. It is surprising from a rationalist
850perspective how poor students are at explaining (Stahl 2009b, chap. 26), reproducing
851(Koschmann and LeBaron 2003), or even recalling (Stahl 2009b, chap. 6) what they did in
852the group when they are no longer situated in the moment.
853Given these analytical and theoretical issues, we opted for an alternative to the
854approaches reviewed below that involve modeling of actions and correct solution paths or
855treating shared understanding as alignment of preexisting individual representations and
856opinions. In this paper, we built on our previous work on referencing math objects in a
857system with chat and a whiteboard (Stahl 2009b, chap. 17); we presented a “micro-
858ethnographic” (Streeck and Mehus 2003) case study using interaction analysis (Jordan and
859Henderson 1995). We focused on the sequence of actions in which the group co-constructs
860and makes use of semiotic resources (Goodwin 2000) distributed across dual-interaction
861spaces to do collaborative problem-solving work. In particular, we focused on the joint
862organization of activities that produce graphical drawings on the shared whiteboard and the
863ways those drawings are used as resources by actors as they collaboratively work on an
864open-ended math task. Through detailed analysis at the group unit of analysis, we
865investigated how actions performed in one workspace inform the actions performed in the
866other and how the group coordinates its actions across both interaction spaces.

867Other approaches in CSCL to analyzing multimodal interaction

868Multimodal interaction spaces—which typically bring together two or more synchronous
869online communication technologies such as text chat and a shared graphical workspace—
870have been widely used to support collaborative learning activities of small groups
871(Dillenbourg and Traum 2006; Jermann 2002; Mühlpfordt and Wessner 2005; Soller and
872Lesgold 2003; Suthers et al. 2001). The way such systems are designed as a juxtaposition
873of several technologically independent online communication tools carries important
874interactional consequences for the users. Engaging in forms of joint activity in such online
875environments requires group members to use the technological features available to them in
876methodical ways to make their actions across multiple spaces intelligible to each other and
877to sustain their joint problem-solving work.
878In this section we summarize our review (Çakir 2009) of previous studies in the CSCL
879research literature that focus on the interactions mediated by systems with multimodal
880interaction spaces to support collaborative work online. Our review is not meant to be
881exhaustive, but representative of the more advanced analytical approaches employed. We
882have selected sophisticated analyses, which go well beyond the standard coding-and-
883counting genre of CSCL quantitative reports, in which utterances are sorted according to a
884fixed coding scheme and then statistics are derived from the count of utterances in each
885category. Unlike the simple coding-and-counting studies, the approaches we review attempt
886to analyze some of the structure of the semantic and temporal relationships among chat
887utterances and workspace inscriptions in an effort to get at the fabric of common ground in
888dual-interaction online environments.
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889The communicative processes mediated by multimodal interaction spaces have attracted
890increasing analytical interest in the CSCL community. A workshop held at CSCL 2005
891specifically highlighted the need for more systematic ways to investigate the unique
892affordances of such online environments (Dillenbourg 2005). Previous CSCL studies that
893focus on the interactions mediated by systems with two or more interaction spaces can be
894broadly categorized under: (1) prescriptive approaches based on models of interaction and
895(2) descriptive approaches based on content analysis of user actions.

896(1) The modeling approach builds on the content-coding approach by devising models of
897categorized user actions performed across multimodal interaction spaces, for example:

898(a) Soller and Lesgold’s (2003) use of hidden Markov models (HMM) and
899(b) Avouris et al.’s (2003) object-oriented collaboration analysis framework (OCAF).

900In these studies, the online environment is tailored to a specific problem-solving
901situation so that researchers can partially automate the coding process by narrowing the
902possibilities for user actions to a well-defined set of categories. The specificity of the
903problem-solving situation also allows researchers to produce models of idealized solution
904cases. Such ideal cases are then used as a baseline to make automated assessments of group
905work and learning outcomes.

906(2) The descriptive approach informed by content analysis also involves categorization of
907user actions mediated by multimodal interaction spaces, applying a theoretically
908informed coding scheme. Categorized interaction logs are then subjected to statistical
909analysis to investigate various aspects of collaborative work such as:

910(c) The correlation between planning moves performed in chat and the success of
911subsequent manipulations performed in a shared workspace (Jermann 2002;
912Jermann and Dillenbourg 2005),
913(d) The relationship between grounding and problem-solving processes across
914multiple interaction spaces (Dillenbourg and Traum 2006),
915(e) A similar approach based on cultural-historical activity theory (Baker et al. 1999),
916and
917(f) The referential uses of graphical representations in a shared workspace in the
918absence of explicit gestural deixis (Suthers et al. 2003).

919These studies all focus on the group processes of collaboration, rather than treating it as
920a mere experimental condition for comparing the individuals in the groups. Also, they
921employ a content-coding approach to categorize actions occurring in multiple interaction
922spaces. In most cases, representational features like sentence openers or nodes
923corresponding to specific ontological entities are implemented in the interface to guide/
924constrain the possibilities for interaction. Such features are also used to aid the
925categorization of user actions. The categorization schemes are applied to recorded logs
926and subjected to statistical analysis to elicit interaction patterns.
927The analytic thrust of these studies is to arrive at quantitative results through statistical
928comparisons of aggregated data. To accomplish this, they generally have to restrict student
929actions in order to control variables in their studies and to facilitate the coding of student
930utterances within a fixed ontology. We fear that this unduly restricts the interaction, which
931must be flexible enough to allow students to invent unanticipated behaviors. The
932restrictions of laboratory settings make problematic experimental validity and generaliza-
933tion of results to real-world contexts. Even more seriously, the aggregation of data—
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934grouping utterances by types or codes rather than maintaining their sequentiality—ignores
935the complexity of the relations among the utterances and actions. According to our analysis,
936the temporal and semiotic relations are essential to understanding, sharing, and coordinating
937meaning, problem solving, and cognition. While quantitative approaches can be effective in
938testing model-based hypotheses, they seem less appropriate both for exploring the problem
939of interactional organization and for investigating interactional methods, which we feel are
940central to CSCL theory.
941Despite the accomplishments of these studies, we find that their approaches introduce
942systematic limitations. Interactional analysis is impossible because coherent excerpts from
943recorded interactions are excluded from the analysis itself. (Excerpts are only used
944anecdotally, outside of the analysis, to introduce the features of the system to the reader, to
945illustrate the categorization schemes employed, or to motivate speculative discussion).
946Moreover, most studies like these involve dyads working on specific problem-solving
947contexts through highly structured interfaces in controlled lab studies in an effort to manage
948the complexity of collaboration. The meanings attributed by the researchers to such features
949of the interface need to be discovered/unpacked by the participants as they put them into
950use in interaction—and this critical process is necessarily ignored by the methodology.
951Finally, most of these papers are informed by the psycholinguistic theory of common
952ground, and are unable to critique it systematically. By contrast—as we shall see in the
953following section—our analysis of the joint organization of interaction in the case study
954positions us to understand how the group grounds its shared understanding in interactional
955terms at the group level.

956Grounding through interactional organization

957The coordination of visual and linguistic methods (across the whiteboard and chat
958workspaces) plays an important role in the establishment of common ground through the
959co-construction of references between items in the different media within the VMT
960environment. Particularly in mathematics—with its geometric/algebraic dual nature—
961symbolic terms are often grounded in visual presence and associated visual practices, such
962as counting or collecting multiple units into a single referent (Goodwin 1994; Healy and
963Hoyles 1999; Livingston 2006; Sfard 2008; Wittgenstein 1944/1956). The visually present
964can be replaced by linguistic references to objects that are no longer in the visual field, but
965that can be understood based on prior experience supported by some mediating object such
966as a name—see the discussion of mediated memory and of the power of names in thought
967by Vygotsky (1930/1978, 1934/1986). A more extended analysis of the co-construction of
968mathematical artifacts by virtual math teams, the complementarity of their visual, semantic,
969and symbolic aspects, their reliance on pre-mathematical practices and processes of
970reification into concepts are beyond the scope of this paper and require comparison of
971multiple case studies (see Çakir 2009). However, for this paper it is important to understand
972something of how the interactional organization that we have observed here functions to
973ground the group’s understanding of their math object (the hexagonal array) as a shared
974group achievement.
975As implied in the OCAF study (Avouris et al. 2003) mentioned in the previous section,
976investigating grounding and problem-solving processes in online dual-interaction environ-
977ments like VMT requires close attention to the relationships among actions performed in
978multiple interaction spaces. Our case study illustrates some of the practical challenges
979involved with producing mathematical models that aim to exhaustively capture such
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980relationships. For instance, the hexagonal array that was co-constructed by the team draws
981upon a triangular grid that is formed by three sets of parallel lines that intersect with each
982other in a particular way. In other words, these objects are layered on top of each other by
983the participants to produce a shape recognizable as a hexagon. Despite this combinatoric
984challenge, a modeling approach can still attempt to capture all possible geometric
985relationships among these graphical objects in a bottom-up fashion. However, when all
986chat messages referring to the whiteboard objects are added to the mix, the resulting model
987may obscure rather than reveal the details of the interactional organization through which
988group members discuss more complicated mathematical objects by treating a collection of
989atomic actions as a single entity. Terminology co-constructed in the chat-and-whiteboard
990environment—like “hexagonal array”—can refer to complexly defined math objects. What
991is interesting about the student knowledge building is how they aggregate elements and
992reify them into higher order, more powerful units (Sfard 2008). A model should mirror this
993rather than to simply represent the elements as isolated.
994The challenges involved with the modeling approach are not limited to finding efficient
995ways to capture all relationships among actions and identifying meaningful clusters of
996objects. The figurative uses of the graphical objects present the most daunting challenge for
997such an undertaking. For instance, the team members in our case study used the term
998“hexagonal array” to refer to a mathematical object implicated in the witnessed production
999of prior drawing actions. As we have seen in the way the team used this term during their
1000session, “hexagonal array” does not simply refer to a readily available whiteboard
1001illustration. Instead it is used as a gloss (Garfinkel and Sacks 1970) to talk about an
1002imagined pattern that grows infinitely and takes the shape illustrated on the whiteboard only
1003at a particular stage. In the absence of a fixed set of ontological elements and constraints on
1004types of actions a user can perform, modeling approaches that aim to capture emergent
1005relationships among semiotic objects distributed across multiple interaction spaces need to
1006adequately deal with the retrospective and prospective uses of language in interaction.
1007Rather than relying upon a generic approach to modeling imposed by the researchers, our
1008ethnographic approach aims to discover the unique “model”—or, better, the specific
1009meaning—that was constructed by the group in its particular situation.
1010In another study discussed earlier, Dillenbourg and Traum (2006) offer the napkin and
1011mockup models in their effort to characterize the relationship between whiteboard and chat
1012spaces. In short, these models seem to describe two use scenarios where one interaction
1013space is subordinated to the other during an entire problem-solving session. The complex
1014relationships between the actions performed across both interaction spaces in our case made
1015it difficult for us to describe the interactions we have observed by committing to only one
1016of these models, as Dillenbourg & Traum did in their study. Instead, we have observed that
1017in the context of an open-ended math task, groups may invoke either type of organization,
1018depending upon the contingencies of their ongoing problem-solving work. For instance,
1019during long episodes of drawing actions where a model of some aspect of the shared task is
1020being co-constructed on the whiteboard (as in our first excerpt), the chat area often serves as
1021an auxiliary medium to coordinate the drawing actions, which seems to conform to the
1022mockup model. In contrast, when a strategy to address the shared task is being discussed in
1023chat (as in the excerpt where the group considered splitting the hexagon into six regions),
1024the whiteboard may be mainly used to quickly illustrate the textual descriptions with
1025annotations or rough sketches, in accordance with the napkin model. Depending on the
1026circumstances of ongoing interaction, participants may switch from one type of
1027organization to another from moment to moment. Therefore, instead of ascribing mockup
1028and napkin models to entire problem-solving sessions, we argue that it would be more
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1029fruitful to use these terms as glosses or descriptive categories for types of interactional
1030organizations that group members may invoke during specific episodes of their interaction.
1031Another provocative observation made by Dillenbourg & Traum is that the whiteboard
1032serves as a kind of shared external memory where group members keep a record of agreed-
1033upon facts. In their study, the dyads were reported to post text notes on the whiteboard to
1034keep track of the information they had discovered about a murder-mystery task. This seems
1035to have led the authors to characterize the whiteboard as a placeholder and/or a shared
1036working memory for the group, where agreed-upon facts or “contributions” in Clark’s sense
1037are persistently stored and spatially organized. As Dillenbourg & Traum observed, the scale
1038of what is shared in the course of collaborative problem solving becomes an important issue
1039when a theory operating at the utterance level like contribution theory (Clark and Marshall
10401981) is used as an analytic resource to study grounding processes that span a longer period
1041of time. Dillenbourg & Traum seem to have used the notion of persistence to extend
1042common ground across time to address this limitation. In particular, they argued that the
1043whiteboard grounds the solution to the problem itself rather than the contributions made by
1044each utterance. In other words, the whiteboard is metaphorically treated as a physical
1045manifestation of the common ground. We certainly agree with this broadening of the
1046conceptualization of common ground, although we do not see the whiteboard as just a
1047metaphor or externalization of a mental phenomenon. Rather, common ground is
1048established in the discourse spaces of text chat and graphical whiteboard. Their differential
1049forms of persistence provide a continuing resource for sharing, modifying, and
1050remembering the group meaning of joint artifacts and products of group cognition.
1051In our case study, we have observed that the whiteboard does not simply serve as a kind
1052of shared external memory where the group keeps a record of agreed-upon facts, opinions,
1053hypotheses, or conclusions. The shared visible communication media are places where the
1054group does its work, where it cognizes. Ideas, concepts, meanings, and so forth can
1055subsequently be taken up by individuals into their personal memories as resources for future
1056social or mental interactions. There is no need to reduce group meaning to identical
1057individual mental contents or to hypothesize a mysterious “group mind” as the location of
1058common ground—the location is the discourse medium, with all its particular affordances
1059and modes of access.
1060In our sessions, the whiteboard was primarily used to draw and annotate graphical
1061illustrations of geometric shapes, although users occasionally posted textboxes on the
1062whiteboard to note formulas they had found (see Fig. 2 above). While the whiteboard
1063mainly supported visual reasoning—and textual discussion or symbolic manipulation
1064occurred chiefly in the chat stream—actions were carefully, systematically coordinated
1065across the media and integrated within an interactionally organized group-cognitive
1066process. As we have illustrated in our analysis, the fact that there were inscriptions posted
1067on the whiteboard did not necessarily mean that all members immediately shared the same
1068sense of those graphical objects. The group members did considerable interactional work to
1069achieve a shared sense of those objects that was adequate for the purposes at hand. For
1070instance, the crosshatched lines that Qwertyuiop originally drew became increasingly
1071meaningful for the group as it was visually outlined and segmented and as it was discussed
1072in the chat and expressed symbolically.
1073Hence, the whiteboard objects have a different epistemic status in our case study than in
1074Dillenbourg & Traum’s experiment. Moreover, the participants did not deem all the
1075contents of the whiteboard relevant to the ongoing discussion. For instance, Fig. 2 above
1076shows a snapshot of the entire whiteboard as the team was discussing the hexagonal pattern
1077problem. The figure shows that there are additional objects in the shared scene like a blue
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1078hypercube and a 3-D staircase, which are remnants of the group’s prior problem-solving
1079work. Finally, the sense of previously posted whiteboard objects may be modified or
1080become evident as a result of current actions (Suchman 1990).
1081In other words, group members can not only reuse or reproduce drawings, but they can also
1082make subsequent sense of those drawings or discard the ones that are not deemed relevant
1083anymore. Therefore, the technologically extended notion of common ground as a placeholder
1084for a worked-out solution suffers from the same issues stated in Koschmann and LeBaron’s
1085(2003) critique of Clark’s theory. As an abstract construct transcendental to the meaning-
1086making practices of participants, the notion of common ground obscures rather than explains
1087the ways the whiteboard is used as a resource for collaborative problem solving.
1088Instead of using an extended version of common ground as an analytical resource, we
1089frame our analysis using the notion of “indexical ground of deictic reference,” which is a
1090notion we appropriated from linguistic anthropology (Hanks 1992). In face-to-face
1091interaction, human action is built through the sequential organization of not only talk but
1092also coordinated use of the features of the local scene that are made relevant via bodily
1093orientations, gesture, eye gaze, and so forth. In other words, “human action is built through
1094simultaneous deployment of a range of quite different kinds of semiotic resources”
1095(Goodwin 2000, p. 1489). Indexical terms and referential deixis play a fundamental role in
1096the way these semiotic resources are interwoven in interaction into a coherent whole.
1097Indexical terms are generally defined as expressions whose interpretation requires
1098identification of some element of the context in which it was uttered, such as who made the
1099utterance, to whom it was addressed, when and where the utterance was made (Levinson
11001983). Because the sense of indexical terms depends on the context in which they are
1101uttered, indexicality is necessarily a relational phenomenon. Indexical references facilitate
1102the mutually constitutive relationship between language and context (Hanks 1996). The
1103basic communicative function of indexical-referentials is “to individuate or single out
1104objects of reference or address in terms of their relation to the current interactive context in
1105which the utterance occurs” (Hanks 1992, p. 47).
1106The specific sense of referential terms such as this, that, now, here is defined locally by
1107interlocutors against a shared indexical ground. Conversely, the linguistic labels assigned to
1108highlighted features of the local scene shapes the indexical ground. Hence, the indexical
1109ground is not an abstract placeholder for a fixed set of registered contributions. Rather, it
1110signifies an emergently coherent field of action that encodes an interactionally achieved set
1111of background understandings, orientations, and perspectives that make references
1112intelligible to interlocutors (Zemel et al. 2008).
1113Despite the limitations of online environments for supporting multimodality of
1114embodied interaction, participants make substantial use of their everyday interactional
1115competencies as they appropriate the features of such environments to engage with other
1116users. For instance, Suthers et al.’s (2003) study reports that deictic uses of representational
1117proxies play an important role in the interactional organization of online problem-solving
1118sessions mediated by the Belvedere system. The authors report that participants in the
1119online case devised mechanisms that compensate for the lack of gestural deixis with
1120alternative means, such as using verbal deixis to refer to the most recently added text nodes
1121and visual manipulation of nodes to direct their partner’s attention to a particular node in
1122the shared argument map.
1123In contrast to the Belvedere system, VMT offers participants additional resources such as
1124an explicit referencing mechanism, a more generic workspace that allows producing and
1125annotating drawings, and an awareness feature that produces a sense of sequentiality by
1126embedding indicators for drawing actions in the sequence of chat postings. Our case study
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1127shows that despite the online situation’s lack of the familiar resources of embodied
1128interaction, team members can still achieve a sense of shared access to the meaningful
1129objects displayed in the dual-interaction spaces of the VMT environment. Our analysis
1130indicates that coherence among multiple modalities of an online environment like VMT is
1131achieved through group members’ development and application of shared methods for
1132using the features of the system to coordinate their actions in the interface.
1133Through coordinated use of indexical-referential terms and highlighting actions, team
1134members help each other to literally “see” the objects implicated in the shared visual field
1135(Goodwin 1994) and to encode them with locally specified terminology for subsequent use.
1136They demonstrate how to “read” graphical as well as textual objects through the way the
1137objects are built up sequentially and are spatially arranged in relation to each other through
1138sequences of actions. The deictic references that link chat messages to features of graphical
1139inscriptions and to prior chat content are instrumental in the sequential achievement of
1140indexical symmetry, intersubjectivity, or common ground.

1141Sequential analysis of the joint organization of interaction

1142To sum up, the focus of our ethnomethodological inquiry is directed toward documenting
1143how a virtual team achieved intersubjectivity and coherence among their actions in an
1144online CSCL environment with multiple interaction spaces. We looked at the moment-to-
1145moment details of the practices through which participants organize their chat utterances
1146and whiteboard actions as a coherent whole in interaction—a process that is central to
1147CSCL. We observed that referential practices enacted by the users are essential, particularly
1148in the coordinated use of multimodalities afforded by environments like VMT. The
1149referential uses of available features are instrumental not only in allocating other members’
1150attention to specific parts of the interface where relevant actions are being performed, but
1151also in the achievement of reciprocity (intersubjectivity, common ground, shared
1152understanding, group cognition) among actions in the multiple interaction spaces, and
1153hence, a sense of sequential organization across the spaces.
1154In our case study, we have seen the establishment of an indexical ground of deictic
1155references co-constructed by the group members as an underlying support for the creation
1156and maintenance of their joint problem space. We have seen that nexus of references
1157created interactionally as group members propose, question, repair, respond, illustrate,
1158make visible, supply symbols, name, and so forth. In the VMT dual-media environment, the
1159differential persistence, visibility, and mutability of the media are consequential for the
1160interaction. Group members develop methods of coordinating chat and drawing activities to
1161combine visual and conceptual reasoning by the group and to co-construct and maintain an
1162evolving shared indexical ground of their discourse.
1163In this paper, we have reconceptualized the problem of common ground from an issue of
1164sharing mental representations to a practical matter of being able to jointly relate semiotic
1165objects to their indexed referents. The references do not reside in the minds of particular
1166actors, but have been crafted into the presentation of the chat postings and drawing
1167inscriptions through the details of wording and sequential presentation. The references are
1168present in the data as affordances for understanding by group participants as well as by
1169analysts (Stahl 2006, chap. 17). The meaning is there in the visual presentation of the
1170communication objects and in the network of interrelated references (Stahl 2007), rather
1171than in mental re-presentations of them. The understanding of the references is a matter of
1172normally tacit social practice, rather than of rationalist explicit deduction. The references can be
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1173explicated by analysis, but only if the structure of sequentiality and indexicality is preserved in
1174the data analysis and only if the skill of situated human understanding is applied.
1175In our case study of an 18-min excerpt taken from a 4-h group chat, three students construct
1176a diagram of lines, triangles, and hexagons, propose a math pattern problem, analyze the
1177structure of their diagram, and derive an algebraic formula to solve their problem. They propose
1178their own creative problem about mathematical properties; gradually construct a complex
1179mathematical object; explore related patterns with visual, narrative, and symbolic means;
1180express wonder; gain mathematical insight; and appreciate their achievement. They do this by
1181coordinating their whiteboard and chat activities in a synchronous online environment. Their
1182accomplishment is precisely the kind of educational math experience recommended by
1183mathematicians (Livingston 2006; Lockhart 2008; Moss and Beatty 2006). It was not a
1184mental achievement of an individual, but a group accomplishment carried out in computer-
1185supported discourse. By analyzing the sequentiality and indexicality of their interactions, we
1186explicated several mechanisms of the group cognition by which the students coordinated the
1187group meaning of their discourse and maintained an effective joint problem space.
1188The coordination of visual and textual realizations of the mathematical objects that the
1189students co-construct provides a grounding of the algebraic formulas the students jointly
1190derive using the line drawings that they inspect visually together. As the students
1191individualize this experience of group cognition, they can develop the deep understanding
1192of mathematical phenomena that comes from seeing the connections among multiple
1193realizations (Sfard 2008; Stahl 2008). Our case study does not by any means predict that all
1194students can accomplish similar results under specific conditions, but merely demonstrates
1195that such group cognition is possible within a synchronous CSCL setting and that a fine-
1196grained sequential analysis of interaction can study how it is collaboratively accomplished.

1197Acknowledgment The reviews coordinated by Dan Suthers helped us to structure this paper more clearly.
1198Some of the larger methodological, technological, and pedagogical issues the reviewers raised are addressed
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